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Let A be a unital AF algebra without finite-dimensional quotients. Our main 
result is the classitication of the group homomorphisms p: Ka(C(U2))+ K,,(A) 
which are induced by unital star-homomorphisms 4: C(T2) + A. Specifically, y = $* 
for some ( exactly when y preserves the order unit and maps the reduced K-theory 
of the torus into the kernel of T* for all bounded traces r: A -+ @. ‘i” 1992 Academic 
Press. Inc. 
1. INTRODUCTION 
It follows from a theorem of Pimsner [9, Theorem 71 that there is an 
interesting embedding 
f#:C(U2)+A 
of C(U’) into the unique unital AF algebra A which has K,,(A)2 
Z[1/2] 0 72 with the lexicographic order and order unit (l,O). It can be 
shown [7] that 4* =&(Q) is injective, with the consequences that A has 
a non-AF maximal abelian subalgebra, and that the homology of A in 
nonzero in some positive dimension (see [4] for a definition of C*-algebra 
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homology and a proof of this fact). Neither of these results is predicted by 
an examination of the properties of the zero-dimensional topological spaces 
on which AF algebras are modeled. 
It is natural to ask whether the existence of such an embedding is due 
to any special property of A. For example, A contains the compact 
operators X as an ideal. Can an analogous embedding be found into a 
simple AF algebra? The answer to this second question is yes, and in fact 
embeddings of C(U’) into AF algebras which preserve &(C(U*)) are quite 
prevalent. Consequently, a wide class of AF algebras contain non-AF 
maximal abelian subalgebras. 
A more precise question is, given a group homomorphism 
Y:Kdc(~2)) +&(A), 
for A a unital AF algebra, what conditions imply the existence of a unital 
*-homorphism 
qk C(U’) + A 
such that y=4*? 
We choose generators of K,(C(T’)) z Z 0 E as follows. The first copy of 
h is generated by the order unit [ 11. The second copy is generated by an 
element b E K,(C(U*)) which is the (formal) difference of two line bundles. 
We shall call b the Bott element, and define it more precisely in Section 4. 
Given a group homomorphism y, two obvious necessary conditions for 
the existence of such a 4 are 
r(Cll)= Cl1 (1.1) 
and 
z,(y(b)) = 0 for any trace z: A + C. (1.2) 
(By trace we always mean bounded trace.) These conditions are often 
sufficient as well. We shall prove this for A of the form A = B 0 M2m, with 
B any unital AF algebra, in Section 5. We shall generalize this in Section 7, 
and show that these conditions are sufficient whenever A has no finite- 
dimensional quotients. 
We shall construct the required AF embeddings of C(%‘) using the 
pseudo-actions and embedding diagrams introduced in [8], and we shall 
freely use the results and terminology from the first six sections of that 
paper. 
In Section 2 we briefly discuss our conventions regarding pseudo-actions 
and embedding diagrams over the circle. We are mainly interested in 
pseudo-actions that model small rotations of the circle, including the trivial 
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rotation. There are, at first sight, two ways to model the trivial rotation, 
but in Section 3 we show these to be approximately equal. 
A general method for calculating the K-theory of an AF embedding of 
C(%‘) is given in Section 4. Using this and two easy applications of the 
Pimsner-Berg technique [S, Theorem 4.11 we are able to prove, in 
Section 5, the limited version of our main theorem. 
The ugly details of this paper are in Section 6. We use the Pimsner-Berg 
technique repeatedly to average the rotations of several pseudo-actions to 
produce (approximately) a single rotation pseudo-action. Our main result 
follows from this, as we show in Section 7. 
The final section contains examples of AF algebras for which conditions 
(1.1) and (1.2) are not sufficient. A classification of the K-theory of embed- 
dings of C(U’) into a general AF algebra A will probably need to involve 
unbounded traces and the K-theory of the ideals of A. 
Two notational conventions we shall be using are 
[m, n) = {m, m + 1, ..,, n - 1) 
for integers m <n, and 
[r] = the greatest integer 6 Y 
for r a real number. 
2. EMBEDDING DIAGRAMS OVER THE CIRCLE 
We shall regard C(U2) as the crossed product C(S’) x Z of the circle by 
the trivial action. The canonical unitary generators are v = e21riX and u, the 
unitary corresponding to 1 E Z. 
Recall that if o = (Z, o, tl) is a pseudo-action over S’, then Z is a finite 
set, c1 is a permutation of Z, and o is an S’-valued function on I. Often, we 
will regard w as a function o:Z -+ [w, which we identify with the composi- 
tion Z+lR-+R/E=Sl. 
Given a pseudo-action w (from now on, pseudo-actions will be under- 
stood to be over the circle, identified with the unit circle lJ E c) we have 
two unitaries U,, V, in A,, = a(Z’(Z)) defined by 
U,(ei) = e,(i) > 
V,(e,) = w(i)e,. 
(In the notation of [S], Vw=~,(u).) 
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If q = (J, w, ~1) is a second pseudo-action, and lr]( = 101 (this means I and 
J are of the same size), then their distance d(w, q) is by definition 
d(w,~)=i;fmax{I(U,- WU,W*Il, IIV,- Wv,W*ll>, 
where W ranges over all unitaries from f’(J) onto j2(1). 
Our interest is in pseudo-actions that define almost commuting unitaries. 
Notice that 
When we say embedding diagram, it should be understood to mean an 
embedding diagram over S’. Recall that an embedding diagram 9 is a 
sequence 9,, of finite sets of pseudo-actions, together with multiplicities 
Ma, rt) for WEE”, YIE~~+~, subject to the summability condition 
~~~~~+,d(o,~~~m(o,ll)rl)<ca)<~. 
We are only interested in embedding diagrams for which 
lim sup II C u,, v, 1 II --t 0, n-rm WCGB. 
and we will call these almost commuting embedding diagrams. 
If $3 is an almost commuting embedding diagram, then associated to 9 
are various homomorphisms 
where A is the AF algebra associated to the Bratteli diagram underlying 9, 
shown in Fig. 1. As was remarked in [8], any two homomorphisms 
associated to 9 have the same K-theory. For our purpose, then, we may 
think of 9 as defining a single homomorphism, even though it does not do 
so in a unique way. 
FIG. 1. The Bratteli diagram underlying the embedding diagram 9, where 9,, = {co,, . . . . co,} 
and 9.+] = {tl,. . . . . rle). 
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3. ZERO ROTATIONS 
The correct pseudo-action to use to represent rotation of S’ by a non- 
zero rational number p/q is clear; the pseudo-action r,,, y defined in [S] will 
do. We recall that 
r p,y=~C04d~~~Cor 
WI =h 
U=j+p-d(j+p)/ql. 
It is not so clear how to handle a zero-rotation. 
We saw in [8] that the rp,y satisfy, approximately, the rules of Freshman 
arithmetic. For 0 <p/q, s/t < 1, if p/q x s/t then 
dh, +rs,l~rp+s,y+r)~O. 
We would like this rule to extend to zero-rotations, with, for example, 
d(r,,, + r-,+ r0,2n) = 0, 
d(r,., + rO,nr r1,2J z 0 
being true. Judging from Pimsner’s construction, one would conclude that 
the correct definition of rO.n, with n = m* for simplicity, would be 
a(j, k) = 
(j,k+ 1) if k#m-1, 
(j, 0) if k=m-1. 
A more naive approach, at least for n even, would be to define rO.n as 
rO,n =rl,nf2 + r- I.n/2 
and so force this piece of Freshman arithmetic to be true. Actually, these 
two approaches are not so far apart. 
We prefer the second approach. For any n > 0, we define 
r0,n=r1,[ni21 +r--I,, ~~121, 
(For n = 1, we omit the first term.) As an alternative model for zero-rota- 
tion, which we shall need to prove Corollary 3.3, we define ?,,, as follows. 
Fix n. We need a method of dividing [0, n) into approximately & 
segments of approximately equal size. Of the many possibilities, we choose 
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CWC~I I, k = 0, . . . . C&l as the boundary points. For example, with 
n = 22, we break up [0,22) at 5, 11, and 16. 
We define ?,,, n as ([O, n), o, cz) where 
o(j) = exp 24k/[J;;]) for CWCJ;;ll G < C(k + 1 MJ;;ll, 
if j+ 1= [(k+ l)n/[&]], 
otherwise. 
For example, Y”0,22 is illustrated in Fig. 2. 
LEMMA 3.1. There exists a constant C > 0 such that, for all n, 
This is a special case of the following (after a slight adjustment of the 
constant). 
LEMMA 3.2. There is a constant C > 0 such that, for all positive integers 
m and n, 
4rl,, + r- ,,“, ~o,,+,)~ C(min{m, n))-1/2. 
Proof: Let p = m + n. By symmetry, we may assume that m 2 n. 
Consider Fig. 3a, which depicts r ,,,, + r-,,“. We wish to divide the points 
of r into groups, the kth group containing [(k + l)p/[&]] - 
[kp;$\]‘goints, k = 0, . . . . [&I - 1. The number of points mapped into 
the interval [0, k/[&l] is [km/[&]] + [kn/[&]]. A simple calcula- 
tion shows that this differs from [kp/[&]] by at most 2. Thus, by putting 
a dividing line, as shown in the figure, above some point in the interval 
C [W&l - 0, k/C&l + WI, we can separate off exactly [kp/[&]] 
i 
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FIG. 2. The pseudo-action ?,,22, one of many models for zero-rotation. 
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points to the right of zero. If one point lies above another, we may need 
to curve the dividing line as shown (around either of the two points) to get 
the right number of points. 
We now define a permutation 6 on the index set of rl,m + r-,,n = 
(I, o, LX). Let 6 interchange each point on rl,m which is just past (to the 
right) a dividing line with the corresponding point on rm l,n (the point just 
to the left of the same dividing line), as shown in Fig. 3b. By construction, 
6 0 CI is the product of disjoint cycles of orders [(k + l)p/[&]] - 
[@/[&I]. Let w’ map the kth cycle to k/[&l, as shown in Fig. 3c. 
Using Theorem 4.1 of [S], the Pimsner-Berg technique, we can easily 
show that d((1, w, c1), (I, o’, 60~)) is 0( l/G), and as (1, o’, 6 0 a) = r”,,,, 
we are done. 1 
abc 
(a) 
def 
abc 
(b) 
I 
def 
b e 
FIG. 3. This proves that rl.m f T~,,~ z i,,,,. In the figure, b = k/[&l, e = (k + 1)/[&I, 
a = b- l/n, c = b + l/n, d = e- l/n,f= e+ l/n. (a) Partitioning the points. (b) The interchange 6. 
(c) Defining the perturbed mapping w’. 
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We shall in fact use the preceding lemma in the form of the following 
corollary (in which the constant is the sum of those in Lemmas 3.1 
and 3.2). 
COROLLARY 3.3. There is a constant C such that, for all positive integers 
m and n, 
4r 1,m+r-l,n,r0,m+n)<C(min(m,n})-1’2. 
4. CALCULATING THE K-THEORY 
A unital *-homomorphism from C(U2) to an AF algebra is defined by a 
pair of commuting unitaries in the AF algebra. This pair can be closely 
approximated by almost commuting unitaries in a finite-dimensional sub- 
algebra. It turns out that the K-theory of the homomorphism is determined 
by an easily computable invariant of any nearby pair of almost commuting 
unitaries. 
For any pair of unitary matrices U, VE U(n) with (1 [U, V]II < 2, the 
winding invariant o( U, V) E Z was delined’in [S] as the winding number 
of the loop 
in c\{O}. 
tHdet((l-t)UV+tVU), tE co, 11, (4.1) 
Before proceeding further, we must establish our conventions regarding 
generators of the K-groups. 
We let e E M2(C(U2)) denote the projection 
where u E C(S’) x Z corresponds to 1 E Z while f, g, and h E C(S’ ) are the 
functions 
h(e2ni’) = 1 
0, 0 < t < l/2, 
(f(t) -f(t)2P23 l/2 < t < 1. 
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(We have changed orientation on U2 by interchanging the role of u and U* 
as compared to the definition of e given in [6]. This is done to prevent a 
minus sign from appearing in Corollary 4.2 below.) We call 
b= [e]- [I]EKJC(T’)) 
the Bott element, and make the identification 
Ko(C(T2))SZ@Z 
~$11 +nb + (m, n). 
We also make the identification 
where pi E MHci) are projections. 
THEOREM 4.1. Zf 
A = lim & IM~(,,~, 
n i= 1 
and I$: C(U’) -+ A is defined by 
U=q5(24)= lim @Un,i, Un,iE U("d(tt.i))3 n+m 
V=f$(u)= lim @V,,,, vn.i E ut"d(n,i)), n--rsc 
then, for large n, 
where 
is the canonical inclusion. 
Proof: Let x denote the characteristic function of a small interval 
around 1. Basic facts about K-theory show that, for large n, 
10 
where 
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k(S, T) = dim x 
(( 
f(T) g(T) + h(T)S 
g(T) + S*h( T) l-f(T) -WI 1) 
for m by m unitary matrices S and T. Here,f, g, and k are still the functions 
defined above. By [S], 
k( Un,j, Vn,j I= m(Un,j, Vn,j) 
for large n. 1 
COROLLARY 4.2. If 9 is an almost commuting embedding diagram with 
gn= bkn,1~, dn,lb *..p ~P(“,l”Mn.d~ 
and if 
f$:c(u*) -+ A = l&l & Mq(n,ij 
n i= 1 
is an associated *-homomorphism, then 
4,(b)= (in,m),(ph 11, ...,~(n, L)). 
Proof: For simplicity, let 
UP,, = u,q 
Since 
and VP., = V$,. 
(1 - 0 Up,, VP,, + (Vp,q up,, = ((1 - t) + te2niP’q) up,, Vp,q, 
we see that o(U,,,, V,,,) is the winding number of the path 
t H (( 1 - t) + te2niP’q)q. 
Therefore, o( U,,, , V,,q) =p and Theorem 4.1 implies the result. 1 
5. A LIMITED THEOREM 
The estimates needed to prove our main theorem are a bit detailed, 
obscuring what is really going on. Given Corollary 4.2, it is easy to write 
down what looks like an embedding diagram that will result in a 
homomorphism with the desired K-theory. However, one must check if the 
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summability condition holds to make this an embedding diagram. In most 
examples, this is very easy to do, using the Pimsner-Berg technique. The 
following theorem illustrates this fact. 
THEOREM 5.1. Let A be the simple, unital AF algebra with K,(A) = 
Z [ I/2]@ H, the order arising from the strict order in the first summand and 
order unit (1,O). Then there exists a unital star-homomorphism 
q+:C(U’)-+A 
with 4,(b) = (0, 1). 
Proof: Figures 4a and 4b illustrate (K,(A), K,(A) + , [ 1 ] ) and a Bratteli 
diagram for A. The isomorphism of Z[ l/2] @ H and 
K,(A) = lb Z4 
IX/M . . . l 
l Z[1/2] 
!Xb4 
i\ A /i 
(a) (b) 
3, 2" II, 2" ro, 2" r-1, 2" 5 
XK I 
II. 2n+' r0, 2n+1 r.,, 2n+l ro, 2"+' 
. 
(c) 
FIGURE 4 
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is given, in terms of a sequence of maps Z4 -+ Z [ l/2] @ Z, by the matrices 
F = 2-n-2 2-n-2 2-n-2 2-n-2 n c 1 0 0 > -1 . 
Let r be the matrix representing the connecting homomorphisms, i.e., 
1100 
r= 
1 0 1 i 0 1 0011’ 0 1 0 1 
The claimed isomorphism is well defined because F, + , r= F,, is clearly 
surjective, and is injective because ker F, = ker(r2). It is an order 
isomorphism because F,( (Z ‘)4) is an ever widening cone in 2 -n- ‘E 0 Z. 
By Corollary 4.2, an embedding of C(U’) into A with the desired 
K-theory will exist if we can prove that the diagram in Fig. 4c is an 
embedding diagram. This amounts to showing that the four sequences 
4r 1,2”+b r1,2” + rcl,2”)9 (5.1) 
d(ro,zn+l, r1.2” + r-1,2”), (5.2) 
d(r--1,2”+1, r- ,2”+ ro,2”), (5.3) 
d(ro,y+ 1, ro,2” + ro,2”)y (5.4) 
. > equals 
r1, 2" 
v - 'b - 
I 
k/2@ (k+l)/2@ 
r1, 2"+' 
s% .*.+.a  . -W.-w 
ro. 2” 
Y 
\Dc 
a 
k/2[ (k+1)/2@ 
r. 2n+l 
- u- v _ 
k/2! (k+1)/2' k/2' (k+l)/2' 
FIGURE 5 
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are summable. By the definition of T~,~“+ I, the second sequence is the zero 
sequence. There is clearly a symmetry between the first and third sequences. 
We now proceed to show that (5.1) and (5.4) are both O(2-“j2), and hence 
are summable, finishing the proof. 
Fix n, and set m = [n/2] and 1= n - m - 1. To simplify our illustrations, 
we let one line segment with a double arrow represent 2” evenly spaced 
dots with arrows between them. Using this shorthand, we have illustrated 
t-0,2” T ro,.2n+l, r1,2n, and r 1,2n+t in Fig. 5. 
Consider the peudo-action r,.2n + ro,2n = (I, UI, a), shown in Fig. 6a. If we 
let 6 be the permutation of Z shown by double lines, then the perturbed 
pseudo-action (Z, o, 6 0 a), as illustrated, is cyclic of order 2” + ‘. Defining o’ 
in the obvious way, we have r,,2n+, = (I, w’, 6 0 a). By the Pimsner-Berg 
technique, we see that (5.1) is O(2-“j2). 
Similarily, one uses the Pimsner-Berg technique, in the manner 
illustrated by Fig. 6b, to show that (5.4) is also O(2--“‘2). 1 
k/2’ (k+l)/2! (k+2)/2’ 
(a) 
(b) 
FIG. 6. (a) An interchange on r1.28 + r0,2m. (b) An interchange on rO,z” + T~,~“, 
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THEOREM 5.2. Let B be a unital AF algebra and x E K,(B). rf T*(X) = 0 
for any bounded trace z: B --f @, then there exists a unital star- 
homomorphism 
&C(U2)+M,&B 
such that 
~,(b)=xEK,(B)OZC1/21. 
Proof With A as in Theorem 5.1, let us identify K,,(A) with Z[1/2] @Z 
and KO(Mzm 0 B) with K,(B) 0 Z[1/2]. Define a group homomorphism 
fby 
f&(A I+ &(B), 
(r, n)wr[l] +nx. 
We assert that this is positive. Examining K,,(A), we see that (r, n) > 0 if, 
and only if, r > 0. If a K0 element over any unital AF algebra has strictly 
positive image under all traces, it is positive [2, Theorem 1.41. Therefore 
(r,n)>Oor>O 
oz,(r[l]+nx)=rz(l)>O t/z 
*r+nx>O. 
Since f is positive and f( Cl]) = [ 11, there must be a unital star- 
homomorphism $ : A + M 2m @ B such that f = Ic/,. (See [3, Theorem 4.31 
and its proof.) Let 4 be the map constructed by the last theorem. We have 
(IcIo#)* (b)=IC/,(O, l)=f(o, 1)=x. I 
Remark. If B is not AF, the proof of Theorem 5.2 is still valid if the 
assumption r.+(x) =0 for any bounded trace r is strengthened to the 
assumption (T(X) = 0 for any positive homomorphism c : K,,(B) + R, and if 
M,, is replaced by M,,,,,,,,.. (We note that the pre-ordered group 
MB 0 M29m5m.J = K,(B) 0 Q 
is unperforated, so that Theorem 1.4 of [2] is still applicable.) 
6. THE ROTATION AVERAGING THEOREM 
Now we present our main technical result. It states that a sum of rota- 
tions is approximately equal to a single rotation, with error proportional 
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to the square root of the slowest “rotation speed.” By this, we mean that 
rp,y has rotation speed 
Pi/4 = 
i 
I PI/4 if p#O, 
l/q if p = 0. 
(6.1) 
THEOREM 6.1. For some C > 0, the following statement is true. If pi, q,, 
i= 1, . . . . k, are integers with qi>O and Jpi/qiJ 6 l/2, then 
d (C rp,,y,, I ) G C(max pillqi)ii2, 
where P = 1 pi and Q = C qi. 
Proof. Any two pseudo-actions over S’, of the same size, are distance 
at most 2 apart. Therefore we need only prove the result for the pi//qi small 
(and the qi large). 
Let r/w be any rotation with 0 <p < q/2. As Fig. 7 illustrates, applying 
the Pimsner-Berg technique to a single p-cycle breaks up r,,y into a sum 
of the form C rl,+ where Ibj-q/pl < 1. The error is O(p//q) and 
1 l/bi = l/bj d 
1 
- G 2plq = 2pllq. 
4/P - 1 
A similar statement holds if p < 0, while if p = 0 (and q > 2) we have 
ro,y = rl,u + r- I,h, 
E 1 
0 1 
FIGURE 7 
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for a = [q/2] and b = q - [q/2], and 
(If q = 1 then the term rl,a should be omitted.) Therefore, it suffices to 
prove the theorem in the case pi= f 1 for all j. (The errors here do not 
accumulate as 
for any pseudo-actions ol, . . . . w,, ql, . . . . q,.) By symmetry, we may further 
reduce to the case P 2 0. 
We leave to the reader the final reduction to the following two special 
cases. (Corollary 3.3 is needed to handle the case P = 0.) 
First Case. p1 = pz = . . . = pk = 1. Let qmin = min { qj>. We have already 
seen that with only an O(P//Q) error, we have 
'P,Q = i rl,b, 
j=l 
for some integers bj, and 1 bj - Q/P 1 < 1. Notice that 
P//Q < max {Pjllqj) = l/qmin 
and bj 2 qmin for all j. 
We shall work simultaneously with the pseudo-actions 
01 = c r1,q,, 
j=l 
02= 1 rib. 
j=* ” 
We shall endeavor to put w1 and o2 into a common form, with error at 
most 0(q;z2). 
Let m = [q,!,$]. We begin by installing dotted lines over the values 
O/m, . . . . (m - 1)/m to divide the points of w2 into m parts. By the argument 
used in Lemma 3.2, there are dotted lines (possibly curved) within l/q,in of 
these which divide the points of o1 into m parts containing the same 
number of points as the corresponding parts of w2. This is more easily 
drawn than described. See Fig. 8. 
Now we concentrate on that portion of o1 near the lines over l/m and 
(I+ 1)/m; call these lines the left-hand and right-hand lines. Let xj denote 
the point on r,,, which is [m/2]th to the right of the left-hand line. Let yj 
denote the point on rl,q, which is first to the right of the right-hand line. 
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Consider the cycle 
(X1Y,%Y* . ..XkYk) 
and let 6, denote the product of all these cycles (for all 1). This is illustrated 
in the top half of Fig. 9. For an appropriate o;, the pseudo-action 
r~ = (Zr, w;, 6,o ar) consists of j copies of ~r,~~,,,~~, and several large cycles 
that are mapped to the values l/m. This pseudo-action is illustrated in 
Fig. 10. 
By the Pimsner-Berg technique, d(w,, 9) is 0( l/m). A similar construc- 
tion (using 6, as in Fig. 9) shows that d(o,, q) (with the same q!) is also 
0( l/m). Therefore d(w,, 02) is O(q;z’). 
Second Case. pj = ( - 1 )j, k odd. Let qmin = min{ q,} and m = [q,!,$]. 
This time we define or and o2 as 
W’C$I)Q ’ I’ 
w2 = rl.Q 
e/m (4 +1)/m 
FIGURE 8 
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This case is easier to handle than the first. We leave it to the reader to 
show that the Pimsner-Berg technique, applied as illustrated in Fig. 11, 
implies that d(o,, WJ is 0(1/m). 1 
7. THE MAIN THEOREM 
Recall that our main result concerns an AF algebra A and a K-theory 
element x E K,(A). The assumptions on A and x are that A has no finite- 
dimensional quotients and t*(x) = 0 for all bounded traces z:A + @. The 
next lemmas reinterpret hese assumptions in terms of the Bratteli diagram. 
LEMMA 7.1. Let 
A = l& @ Mqn,q 
n i= 1 
FIGURE 9 
(! +1)/m 
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J/m (P +1)/m 
FIGURE 10 
Same number of points 
. . . 
J/m (P +1)/m 
FIGURE 11 
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be a unital AF algebra, the limit of a system with injective, unitai connecting 
maps. If A has no nonzero finite-dimensional quotients, then 
lim min d(n, i) = co. 
n-m i 
(7.1) 
ProoJ: Suppose (7.1) is false. There is a least integer d such that 
d(n, i) = d, for some i, 
infinitely often. Clearly 
is a nonzero quotient of A which is isomorphic to Md tensor a com- 
mutative AF algebra. Since B has Md as a quotient, so does A. 1 
LEMMA 7.2. Let 
A=b A,, An = & M+.i) ” i=l 
be a unital AF algebra, the limit of a system with injective, unital connecting 
maps. Suppose that x E K,(A) is defined by integers x(n, i), n 3 no, in the 
sense of Theorem 4.2, i.e., that 
(in,,), (x(n, 0, . . . . 44 4)) = 4 for n>n,. 
If z,(x) = 0 for every bounded trace 7, then 
lim max x(n, i)/d(n, i) = 0. 
n+cc i (7.2) 
Proof Suppose (7.2) is false. Then there exists E > 0 such that, for 
large n, 
for some choice of j(n). For each n, define a trace 7, on A, as the direct 
sum of zero with the normalized trace on Md(,,j(,jj. Extend (by the 
Hahn-Banach theorem) each T,, to a state on A. By weak*-compactness, 
there is a convergent subsequence 
converging to some state r. 
It is now a simple matter to check that 7 is a trace and that t,(x) > E. 1 
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THEOREM 1.3. Let A be a unital AF algebra which has no finite-dimen- 
sional quotients and let x E K,(A). Zf t,(x) =0 for any bounded trace 
T : A -+ @, then there exists a unital star-homomorphism 
such that d,(b)=x. 
Proof: Let 9 be a Bratteli diagram for any system with unital, injective 
connecting maps whose limit is A. Enumerate the elements of 9,, as 
gn = { (4 1 h . . . . (6 1,)) 
and let q(n, i) denote the size of the vertex (n, i). For multiplicities, we shall 
write m,(i,j) instead of m((n + 1, i), (n, j)). 
Without loss of generality, we may assume that x lies in the K0 group of 
the first subalgebra in the system. This means that, for all n, there are 
integers p(n, i) such that 
(in,,), (ph l), . . . . ph 0) =x. 
Furthermore, we know that 
and 
p(n + 1, j) = 2 m,(j, 4 p(n, i) 
q(n + LA = 1 m,(j, 4 0, 4. 
(7.3 ) 
(7.4) 
By Corollary 4.2, we are done if we can show that 9’ is an embedding 
diagram, where 
9: = hwhw~~ ...) %n,l”Mn.l”J 
and the multiplicities are inherited from $9. 
Our assumption on A and Lemma 7.1 imply that 
lim min q(n, i) = 00. 
n-m i 
Our assumption on x and Lemma 7.2 imply that 
lim max p(n, i)/q(n, i) = 0. 
n-m i 
Putting these together yields 
lim max p(n, i)//q(n, i) = 0. 
n-rm i 
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By passing to a subsequence of the subalgebras in the original Bratteli 
diagram, we may assume that 
f m?x (p(n, i)//q(n, i))“‘< co. 
n=l ’ 
The finiteness of this sum implies the summability condition for 9’ by 
(7.3), (7.4), and Theorem 6.1. Therefore, 9’ is indeed an almost commuting 
embedding diagram. 1 
8. EXAMPLES WITH FINITE-DIMENSIONAL QUOTIENTS 
We would like to know to what extent Theorem 7.3 can be extended to 
unital AF algebras which have finite-dimensional quotients. The two most 
obvious examples are 2 and the commutative AF algebras. 
If A is a commutative, unital AF algebra, the traces are separating on 
K,,(A). Theorem 7.3 holds in this case, but it is completely vacuous. On the 
other hand, Theorem 7.3 does not hold for A = 2. The spectral theorem 
for compact operators can be used to show directly that any star- 
homomorphism d:C(T2) + S? is homotopic to any other, so 4,(b) is 
always zero. However, K,(X) E Z is in the kernel of all traces. Finding 
other counter-examples will be more difficult because calculating 
[C(T’), A] will be next to impossible for other AF algebras. 
Tensoring 2 by M2@ eliminates the finite-dimensional quotient (and so 
Theorem 7.3 is applicable). Let A = (X @ M2m)“. This algebra has a one 
dimensional quotient and we shall see that interchanging the order of 
unitization and “rationalization” makes a big difference. 
Notice that K,(A) E Z 0 Z[ l/2], and the first factor (a copy of K,(X)) 
is in the kernel of all traces. Our final proposition shows that Theorem 7.3 
does not hold for A. We make no attempt to calculate [C(U2), A]. Instead, 
we base the proof on a result from [5] which places an upper bound on 
w( U, V) where U and V are almost commuting unitary matrices and V has 
an eigenvalue with high multiplicity. Proposition 8.1 (suitably modified) 
can be extended to other AF algebras which have a single tinite-dimen- 
sional quotient. A more general result will probably require a more flexible 
upper bound. 
PROPOSITION 8.1. rf 
is a unital star-homomorphism, then d,(b) = 0. 
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Proof Observe that A = (X @ M2”) - can be realized as 
A=lilJA,, A,, = M22n 0 C, 
where the connecting maps yn agree with the Bratteli diagram in Fig. 12b. 
The K-theory of A is shown in Fig. 12a. We shall be identifying K,(A) with 
Z 0 h [ l/2] via the isomorphism determined by 
(In,P)*=(2c!n ‘,,):-mw21. 
This is well defined because 
( 2-o-l p;+l) (; 22;“)=(20n -\“). 
Let U, I/E A be the commuting unitaries defining the given homo- 
morphism 4. These are necessarily limits of the form 
U= lim U,@A,, I/= lim V,@pn 
“da0 n - a, 
for U,, V, some 22” by 2*” unitaries and A,, p,, scalars of norm one. 
Without changing the K-theory of 4, we may reduce to the case A,, =I*” = 1. 
Using the obvious trace on A, the identification of K,(A) with 
Z @ Z [ l/2], and Theorem 4.1, one sees immediately that 
for large n. 
(4 
FIGURE 12 
(b) 
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Choose m such that, for n > m, 
According to the Bratteli diagram, Y,,,~ includes the summand C into the 
summand Mzh with multiplicity 22” - 2”‘+“. Therefore the multiplicity of 1 
in the spectrum of y,& V,@ 1) is at least 22”- 2”‘+“+ 1. The variation in 
the spectra of unitary matrices (counting multiplicity) is bounded by the 
norm variation of the unitaries. (See [l], for example.) From thjs, we 
conclude that V,, has at least 22” - 2”+” eigenvalues (counting multiplicity) 
in the arc exp(2ni[ - l/6, l/6]). 
Let f be any continuous function from the circle to itself, of degree one, 
which maps this arc to 1. Replacing 4 by the star-homomorphism defined 
by U,f( V) does not change the K-theory. Also, f( V,)@ 1 converges 
to f(V), so we may reduce to the case of 1 having multiplicity at least 
22n_yz+n in the spectrum of V,. 
Corollary 4.3 of [S] shows that there is a constant C such that 
where S and T are d by d almost commuting unitary matrices and k is the 
multiplicity of some eigenvalue of T. Applied here, this gives the inequality 
Since the commutator of U,, and V, tends to zero, this implies that 
for large n 
and so also that 4,(b) = 0. 1 
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